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Nonlinear Dynamical Characteristics Analysis of Tethered
Subsatellite in the Presence of Offset

Xingyu Gou,* Xingrui Ma,’ and Chengxun Shao*
Harbin Institute of Technology, Harbin 150001, People’s Republic of China

The tethered satellite system has potential applications in space engineering, such as retrieval of subsatellites,
experiments in microgravity sciences, and radiation measurement in outer space. Nonlinear dynamical charac-
teristics of a tethered subsatellite in the presence of offset are considered. The dynamic equations of the tethered
satellite system are derived by using a Lagrangian formulation, in which the main satellite (Space Shuttle) moves
in an elliptical orbit and the tethered subsatellite vibrates in the presence of air drag. Linear and nonlinear vi-
brations and the influence of the tether attachment to the Space Shuttle on the motion of the tethered subsatellite
are discussed. The dynamic equations of the tethered satellite system are analyzed theoretically, and some insights
are obtained. Finally, numerical results on the tethered subsatellite in different phases of motion are given, and
comparisons are made. It has been found that a linear model cannot be used for retrieval, especially in the presence

of an offset.

Nomenclature

A = effective area normal to velocity V, m?

ay = half length of the major axis of the elliptical orbit, m

= drag coefficient

e = eccentricity of the orbit

F = aerodynamic force on system, N

i = inclination of the orbital plane to the equatorial plane,

deg

i,j,k = unit vectors along Sx, Sy, Sz axes

= deployed tether length, m

= mass of the tethered subsatellite, kg

= generalized forces corresponding to three degrees of

freedom

polar radial vector from the Earth’s center to the system

center of mass, m

vector from point B to O as shown in Fig. 2, m

= tether attachment offset on the Space Shuttle, m

= time, s

= velocity of the system relative to the atmosphere, m/s

= velocity of atmosphere due to its rotation about the
Earth’s axis, m/s

= inertial velocity of the mass center of the system, m/s

= absolute velocity of the subsatellite in the inertial frame
EXYZ at the Earth’s center, m/s

= path angle of the Space Shuttle relative to the local

horizontal, deg

true anomaly, rad

argument of the perigee, rad

6+6, :

attractive force coefficient of the Earth, m® - s 72

density of the air, kg - m™3

angular velocity vector of the Earth’s atmosphere, s~

tension of the tether, N

= in-plane swing angle of the tethered subsatellite, deg

= out-of-plane swing angle of the tethered subsatellite,
deg

R = differentiation with respect to ¢ and @, respectively
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Introduction

HE concept of a tethered satellite system appeared in the lit-

erature as early as the 1950s and 1960s,! mainly in relation to
early needs such as retrieval of stranded astronauts, experiments in
microgravity science, radiation measurements in outer space, etc.??
More recently, it has been found that this kind of system could be
used more widely. For instance, some sophisticated scientific experi-
ments aimed at magnetic and aerothermodynamic measurement can
be conducted*>; payloads can be deployed to a new orbit; a satellite
that has deteriorated can be retrieved®’; electricity can be generated
with an electrodynamic tether cutting the global magnetic field?; and
so on. Thus the tethered satellite system has become an interesting
topic in space research. It is believed that the day is coming when
such a system will be used in practical space engineering.

Because of the complexity of the problem, the dynamic equations
of the tethered satellite system have usually been linearized.*~! In
this paper, by means of a Lagrangian formulation, the nonlinear
dynamic equations of the attitude motion of the system are devel-
oped. The simple cases are discussed in depth, and some insights are
gained. A significant amount of numerical simulation is also pre-
sented. Linear and nonlinear results are compared to indicate when
linearization is feasible. In addition, the influence on the motion of
the tethered satellite of an offset s of the tether’s attachment to the
Space Shuttle has been studied.

Dynamical Equations of the Attitude
Motion of the System

Modeling

As many research workers have pointed out, in its utmost gener-
ality, the dynamical problem of the tethered satellite system is quite
challenging.!>!3 In this paper, the motion of the subsatellite attached
to the Space Shuttle is discussed. The system is composed of the
Space Shuttle, a subsatellite, and a connective tether. Figure 1 shows
the dynamic model, where Oxyz is the orbital frame. The Ex axis
is along the radial line connecting the Earth’s center to the system’s
center of mass; xOy is the orbital plane; the y axis is along the local
vertical, and the z axis completes the three-orthogonal-axis frame.

In our model, the following assumptions are made: 1) the system
moves in an elliptical orbit; the attitude motion and the orbital mo-
tion are considered uncoupled; the subsatellite is regarded as a mass
point; the mass of the Space Shuttle is much larger than that of
the subsatellite (the mass center of the system, therefore, is always
coincident with that of the Space Shuttle); 2) the tether is attached
to point A of the Space Shuttle on its longitudinal axis with an
offset s relative to the mass center of the system; 3) the attitude mo-
tion consists of in-plane and out-of-plane librational motions; other
elastic vibrations superposed on the attitude motion are considered
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Fig. 2 Sketch of the development of the relative velocity V.

insignificant and negligible; 4) the mass of the tether is neglected;
and 5) other small external forces, except for air drag, are not taken
into account.

Consequently, only three degrees of freedom of the system at-
titude motion are considered in this paper, namely, the deployed
tether length and the in-plane and out-of-plane swing angles of the
tethered subsatellite.

We will consider air drag first. The aerodynamic force on the
system can be expressed as

F=—1CipAVIV| ‘ m

where p changes quickly with the altitude,' and since the Space
Shuttle usually moves in an orbit at an altitude greater than 180 km,
the air drag on the Space Shuttle can be neglected.

The relative velocity of the subsatellite depends on the inertial
velocity of the mass center of the system, the velocity of the atmo-
sphere due to its rotation about the Earth’s axis, and the velocity of
the subsatellite relative to the mass center of the system. The last
velocity is comparatively small. Therefore

V=V, -V, 2

The geometric relationship for the relative velocity is shown in
Fig. 2, where the plane OPQ is the tangent plane of the celestial
sphere at point O, which represents the system; Q' is the projection
of O on the equatorial plane; xOz and PCE represent the same
plane; and the line segment BO is parallel to EQ’, which is the

projection of the vector R on the equatorial plane. From Fig. 2, it is
obvious that

V; = Ri + Réj 3)
V,=0 xR, 4
The expression for the relative velocity is found to be

V = Ri+ R( — ao sin B)j + (acR cos )k 3)

where a, a;, and B are as follows:
a=+1-sin’Fsini
o) = arccosa - sign(sin §) (6)

tan o
B = arccos =
tan @

Second, the path angle of the Space Shuttle relative to the local
horizontal can be expressed as

tan R esing @
0 = — = ———
R6 1+ ecos@

Since e « 1 and « is generally small, we obtain

a ~ esinf ®)

Dynamical Equations

The Lagrangian formulation is utilized in this subsection to obtain
the expression for the kinetic energy of the subsatellite where only
the three degrees of freedom I, ¢, ¥ of the subsatellite need to be
considered. Figure 3 will belp us to develop the formula for the
absolute velocity of the subsatellite in the inertial frame EXYZ at
the Earth’s center. In Fig. 3, Oxyz is again the orbital frame. The
frame A x,¥,z, is attached to the Space Shuttle at the point A, and
its orientation is specified by the value of the path angle « about the
Ox axis. Applying a series of kinetic relationship, we obtain

V, = [—icosy cos¢ +sinycose -
+lcos¥sing - (¢ —a)
— (scoso + [ cos ¥ sing)(§ — &) + R]-i
+[icosy sing — [siny sing - 4 -+ cos ¥ cos ¢ - (¢ — &)
+ (s sina — L cos ¥ cos p)(6 — &) + R -j

+(Isiny +1cosvy - ) -k )

Then the kinetic energy of the subsatellite can be derived from
the formula

1
T= 'z'mst -V (10)

Similarly, we need to approximate the potential energy U of the
subsatellite
pmg
U=———"7-— 11
IR +s+1 an
Considering that s < R, s < [, by Taylor expansion we obtain

U~ —(umg/R)[1 + (I/R) cos ¢ cos yr-— 112/ R?)

+3(1/R?) cos? ¢ cos? ¥ + o(1*/ R*)] (12)

X

Fig. 3 Sketch of the development of the absolute velocity V; of the
subsatellite.
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Therefore, by using the classical Lagrangian formulation

dL
d(LY_22_y, a3
dr \ 9¢; aqg;

the following dynamical equations are obtained:

Theoretical Analysis
It is well known that

sinx = x — (x3/3) + (x°/5H) — - ..
18
cosx =1 — (x%/21) + (x*/41) — - ..

ms{l'+scos¢cos(¢-—a)-(5—&)+Rcos¢sin¢>‘§-—cosw//cosqb-l'é—h/}z—lcoszwlf(zib—9')2—50051[/sin(¢—a)-(é—d)2

+Rcosyrcosg - 62+ 2cos ¥ sing - R —

u[Rcos¢ — s sin(¢p — a)]cos ¥ — wl _ 3ul cos® Y[R cos ¢ — s sin(¢p ~ a)]? } -0
(R? + 5% + 2Rs sina)} :

(R? + 5% + 2Rs sina)?

mj[lzcoslw-(q‘S—&)—lcos:/x.[ssin(¢—a)+lcos¢](é—az)+Rlcos¢cos¢.é+1coswsin¢.R'

—Is cos¥rcos(¢p — ) - (6 — &)® — RIcos singd - 92 + 2l cos® - [(p — 6) — 1> sin® - 4 (¢ — §) + 2 cos ¥ cos b - RO

+ MR sing + s cos(¢p — a)] cos ¥

+ 3 ul? cos? i - [R?sin2¢ + 2Rs cos(2¢ — o) — s?sin2(¢p — )]

(R? + 5% + 2Rs sina)? 2

(R? + 52 + 2Rs sin a)%

} =0y (14)

ms{lzlﬁ ~Issiny cos(¢p — ) - (0 — &) — Rlsinysing - 6 + I siny cos ¢ - R + 1> cosy sinyr - (¢ — 6)2

4 1s siny sin(¢p — @) - (@ — &)? — Risiny cos¢ - §% + 21y — 2 siny sing - R

_ . — . - 2 . . _ . _ 2
+ IR cos ¢ — ssin(¢p — )] sin ¢ n 3ul?cos ¢ siny - [Rcos ¢ — s sin(¢p — )] } — 0,

(R? 4 52 + 2Rssina)?

where

01 = —7 + 1CipAIR? + R%(6 ~ ao sin p)>
+a*0*R2 cos? B3 [R cos ¢ cos ¥ — R(6 — ao sin f)
X sin ¢ cos ¥ — ao R cos B sin ]
0y = —1CupAI[R? + R*(6 — ao sin )* + a?02R*cos? B]3
x[Rsing + R(6 — ao sin B) cos ¢] as)
Qy = —L1CypAI[R? + R*(6 — ao sin B)? + a0 R? cos? B]2
x [Rcos¢siny — R( — ao sin ) sind sinyr

+ao R cos § cos ¥]

Transforming the independent variable ¢ into the true anomaly 8
allows us to visualize the motion. It is easy to obtain

x=x"E®)

(16)
¥ =[x" — x'F(0)]E*(9)

where x represents the functions I(¢), ¢(¢), and ¥(¢), the dot and
prime represent differentiation with respect to ¢ and 6, respectively,
and
E®) = o(1 — )2 (1 + ecosf)?
F(0) = 2esiné - G(6)
an

1
GO) = ——
©) = 1+ ecosf

w=./u/a

(R + 52+ 2Rssina)?

The number of terms on the right-hand side of the equations deter-
mines the degree of appoximation.

Simplest Case of Motion
If we take

sing = ¢, sinyr = ¥,
R =R,

cosp =cosy =1 (19)
6 =w, 0 = wt
Egs. (14) and (15) are simplified to
I"+2¢ =31 = Q}
" +2('/ D¢ — 1)+ 3¢ = 0} (20)
v/ DY + 4y = Q)
where ‘
0; = —(1/my?){r + $CspAIR*(® — ao sin B)’
+a20?R? cos® B13[R(w — ao sin )¢ + ac Rcos B - ¥1

CdpA

o [R*(@ — aosin p)’ + a’o” R cos? 12 (21)
myw

0=~

XR(w — ao sin )

C, 0A

Q; = —2ldp ~[R*(w — a0 sin B)” + a’o” R? cos 812
g
x ao R cos

Comparing Eq. (20) with Eq. (5) in Ref. 2, and considering that
the positive directions of the in-plane and out-of-plane components
are defined contrarily, we see that they are similar to each other.
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When inclination of the orbit to the equatorial plane is equal to 0
deg, Eq. (6) becomes

a=1 a = 0deg B =90deg 22)
Then Eq. (21) can be replaced with the following equations:
0; = —(1/mye?)[7 + 3Cap AR (@ — 0)7¢ ]
Cd pA
2m,w?
0, =0
which shows that the air drag acts on the in-plane libration and keeps
itself constant only if a (simplified) spherical atmosphere is adopted.

When i = 90 deg, the air drag will excite both the in-plane and
the out-of-plane librations.

0 =~ R0 — o) 23)

Case of Small Libration with Offset
If we take

s#0
sing = ¢, siny = ¢ (24)
cos¢p =1, cosy =1

and neglect the small variables of higher order that combine libra-
tional angles and angular rates, Eqgs. (14) and (15) are changed into
the following equations:

T+206 — 2(u/ R — 10 — s(¢p — ) (6 — @)?
=Q0pn—s@—a&

+20/D@ —6) + Gu/R)$ — (/D@ -—0)@—&) (25
(/D6 —a)P=Qp+0

¥+ 20/ DY + Gu/RYY + 6% — (s/DY (0 —&) = Oy

The offset s and the path angle « appear in every equation. If we let
s = s(¢t) and & = a(¢), then s(¢) and «(¢) can be used as control
variables; this technique is called offset control. Of course, several
additional terms will appear in the dynamical equations in this case.
Offset control makes it possible to retrieve the subsatellite quickly
and stably within 1 km because the orders of magnitude of /() and
s(t) will be comparable and the attitude motion of the system is
affected by s(2).

The term 6 appears on the right-hand side of the second equation
because the system moves in an elliptical orbit and this term excites
the in-plane libration.

If the small terms of Eq. (18) on the right-hand side are retained
in the second and the third orders, groups of more complicated
equations are obtained. Coupling of the in-plane and out-of-plane
librations arise from the second-order terms. ‘

In addition, the effective area appears in each formula of the
generalized forces. If the subsatellite is equipped with a sail and the
projected area of the sail normal to the velocity V is adjusted, i.e.,
A = A(t), then a new control strategy, which can be called air-drag
control, may be developed.

Numerical Results

To show the influence of nonlinear terms and offset on the attitude
motion, many numerical simulations have been run and comparisons
have been made. The deployment and retrieval of a 150-kg subsatel-
lite from the Space Shuttle at an apogee of 220 km was considered.
The deploying strategy by Misra and Modi!! and retrieval strategy
by Xu et al.} were used. During deployment, the length of the tether
changes from an initial value of 1 km to a final value of 100 km.

1) The deploying strategy is

cl 0<6<6)
6, <8 < 6) (26)
cli+L-10) ©>6)

Table1 Symbols used in Figs. 4-12

Model Symbol Line style

Linear +

Second-order nonlinear x

Third-order nonlinear A

Without offset Dashed
With offset Solid

-
o
L]

—
-3

Sk

-
<

Inplane swing angle (deg)

S N b ®

i i

)

0 5 10 15 20 25 30 35 40 45

True anomaly (rad)
a) Whole stage

20 T i
b

NFER VAR

Inplane swing angle (deg)

4 L i i
01 2 3 4 5 6 7 8 9 1011
True anomaly (rad)

b) Initial stage

Fig. 4 Linear and nonlinear in-plane librations of the subsatellite dur-
ing deployment.

where
01 =27,
L=16)
2) The retrieval strategy is

U'=ke(L+k f)(1 =k f&' + ks f?)

92=87T

27
b =1(6,) @D

c=0.38

f=1=(/l) 28)

where
(4
ky = — -
(1+ ecosf)?(1 — e?)2
c=02, k =2.0, ky = 2.0 29
ky = —9.0, L, = 100km

Table 1 presents the symbols used in the following discussion. The
contributions of the nonlinear terms of the second and third orders
to the motion of the systems are shown in Figs. 4-9.

The results from Figs. 4-5 indicate that the second-order and
third-order nonlinear terms only have a negligible influence on the
initial in-plane libration of the subsatellite. The out-of-plane libra-
tions are approximately the same with or without nonlinear terms.

Figure 6 shows that nonlinear terms have changed the periodicity
of the in-plane and out-of-plane libration unremarkably.
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Fig. 5 Linear and nonlinear out-of-plane librations during deploy-
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Fig. 6 Linear and nonlinear in-plane librations during stationkeeping.
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Fig. 7 Linear and nonlinear in-plane librations during retrieval.
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Fig. 8 Linear and nonlinear out-of-plane librations during retrieval.
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Fig. 9 Comparison of linear and nonlinear models with respect to
length variation of the tether during retrieval.

The results from Figs. 7-9 make it clear that the introduction
of nonlinear terms has a significant effect on the retrieval motion,
especially on the in-plane libration, whose time history has notice-
ably shifted upward, and on the variation of the tether length /. It is
difficult to retrieve the tether to within 1 km within acceptable time.

The effect of the offset s is shown in Figs. 10-12. The offset s is
given the value 10 m in Figs. 10-11. Figure 10 indicates the effect
of s on the linear model. Although s has almost no influence on the
deployment motion, it greatly affects the in-plane libration during
retrieval. From Fig. 10b, where the solid curve represents the case
with offset s = 10 m, it is obvious that the linear model cannot be
used for retrieval, especially considering the influence of the offset.

It is believed that the model in which the third-order non-
linear terms have been retained is close to the true conditions.
Consequently, Fig. 11, where the solid curves represent the non-
linear model with s = 10 m and ¢ = 0 and the dashed curves
the nonlinear model without any offset, shows clearly that the off-
set has almost no influence on the motion of the subsatellite when
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Fig. 10 In-piane librations of the linear model of the subsatellite with
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Fig. 11 In-plane librations of the third-order nonlinear model with s
=10mande=0.



GOU, MA, AND SHAO 835

18

16 L. ... L

14

Inplane swing angle (deg)
8

6 |

4 . a
0 05 1 15 2 25 3 35 4 45 5

True anomaly (rad)
a) Initial stage of deployment

i | nh

0

h.__
-
s
—

|
it
HERN
I |
|
|
|

&

| U
[ S
e

Inplane swing angle (deg)
[V N

[
6
B |V
‘v
'8 v ‘l
“50 51 52 53 54 55 S6 57 S8 59 60

True anomaly (rad)
b) Terminal stage of retrieval

Fig. 12 In-plane librations of the third-order nonlinear model with s
=0.001.

the system moves in a circular orbit. Only when the offset is large
enough and the system moves in an elliptical orbit can the influence
of the offset be noticed, as Fig. 12 shows.

Figures 7-8 show that, with the preceding nonlinear retrieval
strategy, the in-plane libration response is strongly dependent upon
the model adopted, but the out-of-plane libration is not. To illustrate
this interesting behavior, Eq. (20) can be written as

1" +21¢' — 31 = Qf
¢" +20' /D¢ +3¢ = Q) +2('/D) (30)
V2DV + 4 = 0

First, the retrieval strategy is strongly dependent on the state of the
motion, and the states are relative to the model. Second, in the third
equation here, the coefficient 2(I’/) can be regarded as a damping
factor. However, in the second equation of Eq. (30), it is not only
a damping factor but also an excitation to the in-plane libration.

Consequently, the retrieval strategy reacts to the in-plane libration
more strongly than to the out-of-plane libration.

Conclusions

Nonlinear terms have negligible influence on the attitude motions
of the subsatellite during deployment and stationkeeping; hence,
linearization is feasible. During retrieval, the nonlinear terms affect
the motion substantially. Consequently, when the initial amplitudes
of the angles are not small, nonlinear models should be adopted.
In general, the offset of the tether attachment to the Space Shuttle
from the mass center of the system is an insignificant parameter.
Nevertheless, with the linear model, the incorrect result that the
offset affects the terminal phase of retrieval significantly will be
obtained. In this case, only nonlinear models should be used.
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